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Abstract--An approximate model of the unsteady aerodynamic behavior of an airfoil in an incompressible 
flow is presented. The approximation appears in the description of the chordwise distribution of the 
normal velocity along the airfoil chord. The induced velocity is calculated at a few representative points 
and a special interpolation/extrapolation is used in order to describe the induced velocity at all the other 
points. By choosing optimal ocations of the representative points, it is possible to obtain very good 
agreement between the approximate model and exact solutions, while using only a few points. The present 
approximate model may serve as a very efficient ool for investigating the unsteady aerodynamic behavior 
of wings in complicated flow phenomena like rotary wings. 
1. INTRODUCTION 
The problem of the unsteady behavior of a thin airfoil in an incompressible flow has been, 
and still is, one of the most important problems of unsteady aerodynamic calculations. The case 
of simple harmonic oscillations was partially solved by Glauert [1]. It is common to refer the 
first complete solution to Theodorsen [2], although other European aerodynamicists reached 
essentially the same conclusions independently and presented them during the same period 
(a list of these investigations appear in Chaps 5 and 6 of Ref. [3]). Using a Fourier transformation, 
any motion can be described as an infinite sum of harmonic motions. Therefore, in principle, 
Theodorsen's [2] results, or its other form known as Wagner's function [3], enables one to 
calculate the lift of an airfoil performing arbitrary small ateral motions in a uniform incompressible 
flow. 
In Theodorsen's analysis, the wake is modeled as a fiat vortex sheet hat stretches behind the 
trailing-edge, in the direction of the uniform flow. This model (including certain assumptions) 
is appropriate for an airfoil in a uniform flow, but it should be changed when other cases of 
flow are considered. Loewy [4] derived a model which is a two-dimensional pproximation of a 
helicopter blade performing small lateral oscillations, while the helicopter is hovering, taking into 
account returning wake layers beneath the airfoil. 
The models that have been described above include only two-dimensional nalyses. When finite 
wings are considered, a complete analytical solution becomes very complicated and there are 
only very few solutions for certain specific cases. The interested reader may find more details in 
Chap. 7 of Ref. [3]. Reference [5] is a recent example of the difficulty associated with analytical 
solutions of the unsteady behavior of finite wings. 
In order to deal with general problems of unsteady aerodynamics of finite wings, different 
approaches have been developed over the years. A major branch includes complete numerical 
solutions. The interested reader may find more details about his branch in Ref. [6]. Such numerical 
models are very useful tools, but when the problems become complicated, extremely large computer 
resources are required, which frequently makes the use of such models impractical. Another 
approach includes an extension of the main idea behind the well-known lifting line models. 
According to this idea, the phenomenon is divided into interior and exterior fields. The interior 
field includes the wing itself, while the exterior field incorporates all the other elements of the 
flow field. The interior field is looked upon as composed of cross-sections that behave like 
two-dimensional irfoils. The influence of the exterior field on the interior field is expressed through 
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the velocities which are induced along each cross-section by all the elements of the exterior field. 
On the other hand, the circulation variations along the wing and the variations of the circulation 
with time, determine the structure of the exterior field. Thus, both fields are highly coupled. This 
approach as proved to be a very efficient and useful tool in many applications where wings with 
high aspect ratio are involved. It has been successfully applied to rotary wings aerodynamics [7]. 
It is well-known that helicopter blades operate under unsteady conditions even in cases of a steady 
trimmed forward flight. The flow field in these cases is extremely complicated and any effort to 
apply a complete numerical solution in this case will require enormous computer resources that 
are usually unavailable. Consequently, an unsteady solution applying the concept of interior and 
exterior fields reduces the required computer resources considerably. 
The success of the concept of interior and exterior fields depends on a correct representation f 
both fields. In most of the derivations a discrete numerical model emerges. It can be shown that 
the accuracy is very sensitive to the discretization scheme. Reference [8] presents an investigation 
of a proper modeling of the near wak behind the airfoil. The study evaluates the way that the 
circulation over the airfoil and in the wake (discrete representation) has to be modeled in order 
to predict he proper values of the aerodynamic loads. 
When the interior/exterior field technique is applied to complicated flow phenomena, the most 
complicated and time-consuming task becomes the calculation of the velocities which are induced 
by the exterior field over the interior field. Rotary wings [7, 9] present a good example of such 
complexities. In most of the cases a few control cross-sections are defined along the wing and the 
induced velocity distribution along each cross-section (chordwise distribution) has to be calculated. 
In order to obtain an efficient model it is desired to reduce to a minimum the number of the 
chordwise locations where this velocity should be calculated without an unacceptable r duction in 
the accuracy. It is expected that there will be an optimal chordwise location of the representative 
points where the velocity induced by the exterior field should be calculated. If these points are 
chosen properly, then very good approximations of the unsteady aerodynamic forces are obtained 
while only a few representative points (1, 2 or 3) are used. 
The present paper will describe a model for calculating the unsteady lift of an airfoil under 
arbitrary unsteady behavior. In this model the condition of nonpenetration f the flow through 
the airfoil surface is satisfied along the whole airfoil, together with Kutta's condition at the 
trailing-edge. The approximation appears in the description of the chordwise distribution of the 
velocity induced by the exterior field. This distribution is determined by calculating the velocities 
which are induced at a few representative points and interpolation/extrapolation between these 
points. The model is mainly analytical. Optimal locations of the representative points are 
determined such that the best agreement with Theodorsen's results (for harmonic oscillations) is
obtained. Later, the model is used to calculate the lift force of airfoils performing arbitrary motions 
and subjected to arbitrary chordwise distributions of exterior influences. It is shown that choosing 
the optimal points for harmonic motion gives very good results in these cases. 
2. GENERAL EXPRESSIONS FOR THE UNSTEADY BEHAVIOR 
OF A TWO-DIMENSIONAL AIRFOIL 
Consider a thin airfoil performing small lateral motions (translation and rotation) in a uniform 
stream of incompressible f uid and subjected to an arbitrary downwash distribution along its chord. 
For the sake of simplicity the present derivation will be restricted to a symmetric airfoil. Extension 
of the derivation to the case of a cambered airfoil is straightforward and has been presented 
elsewhere [10]. 
According to the well-known assumptions ofthin airfoils, the airfoil is replaced by a vortex sheet 
along the chord line. The boundary conditions are: 
(a) The condition of nonpenetration. 
(b) The Kutta condition. 
In Fig. 1 the case under consideration, according to the above-mentioned assumptions, is 
presented; Yb is the bound circulation per unit length in the chordwise direction and ~ is a 
nondimensional chordwise coordinate. The origin of the coordinate ~is located at the mid-chord 
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Fig. 1. General description of the airfoil. 
while it is equal to - 1 at the leading-edge and 1 at the trailing-edge; b is half-chord length of the 
airfoil; z is a coordinate line normal to the chord. 
The flow velocity relative to the airfoil is described by the following two components: U in 
the chordwise direction and co normal to it (in the negative z direction). If the angle-of-attack is
small and the induced velocities are also small compared to the free-stream velocity, then it can 
be assumed that U is equal to the free-stream velocity. O5 is a nondimensional normal component 
which is obtained after the dimensional component is divided by U. The component 05 can be 
described as the sum of three contributions: 
(a) o5d (~, t)---this term presents contributions of the "free-stream" velocity, angle-of- 
attack and the motion of the airfoil (translation and rotation) relative to an 
inertial reference frame, 
(b) o5b(~, t)--the velocity which is induced at each point along the chord by the 
bound vorticity ~b- 
(C) O5;,(~, t)--the normal component of the velocity which is induced by all the 
"exterior" vortex elements (not including ~b). These elements may include: 
trailing vortices, shed vortices, other lifting surfaces, gust etc. 
All the three contributions are general functions of the chordwise coordinate (~) and 
time (t). 
Thus, the condition of nonpenetration is written as follows: 
O5(~, t) = o5d(~, t) + o5b(~, t) + O5~(~, t) = 0. (1) 
Using the well-known "classical" expression for o5b for the two-dimensional case, equation (1) 
becomes 
1 f~ ,'~(~'./)d., 2---~ , ~ ~  ~ = -- [o5d (¢, t) + O5;.(~, t)]; (2) 
~b is the nondimensional vorticity which is equal to (~'b/U). S6hngen [3] has given a very convenient 
inversion of equation (2) which also satisfies the Kutta condition. According to his results, 7b is 
given by 
2 .  1~1 -- ~ f '  /1_ + ~_' [o5d(~', t) + O5;,(~', t)] 
t) d~'. (3) 
~, , -~ . _ ,  q 1 - ~ (~ - ~') 
In a similar manner to the classical theory of an airfoil in a two-dimensional incompressible 
steady flow, o5;. is described by the following series: 
o5;.(~, t) = ~ 2,(t)cos(n - 1)v, (4a) 
n~l  
= cos v. (4b) 
In the case of rigid airfoils (zero deformations in the chordwise direction), osd (for any 
angle-of-attack and any motion of the airfoil) can be described by the following equation: 
osd(~, t) = A(t) + B(t)~ = A(t)  + B(/) cos v. (5) 
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Extension to the case of arbitrary chordwise deformations i straightforward by expressing r-So in 
a similar manner to c5~. 
Substitution of equations (4a) and (5) into equation (3) and replacing ~ by v [according to 
equation (4b)], imply (for detailed derivations ee Ref. [10]): 
~(v't '=-2[(A+20tan(2)+(B+22's inv+~2"sin(n--1)v l ' ,=3 (6) 
It is clear that v = rr refers to the leading-edge while v = 0 indicates the trailing-edge point. 
The total bound circulation of the airfoil at any moment, F(t), is obtained by integration of Yb 
along the chord. If F(t) is a nondimensional circulation (equal to F/Ub), then equation (6) implies: 
F ( t )= - fb(V', t)sinv'dv'= -2rc(W + 2e), (7a) 
W = A + B/2 (7b) 
and 
2e = 21 + 22/2. (7c) 
A detailed derivation appears in Ref. [10]. Similar expressions have been presented previously by 
others (for references, see Ref. [7]). 
The fluid under consideration is incompressible, homogeneous, frictionless and perfect gas. If 
it is further assumed that the flow is irrotational while gravity and other external body forces are 
neglected, it is possible to define a velocity potential ¢, where 
q = grad ¢; (8) 
4 is the velocity vector. In the case of incompressible flow the continuity condition implies 
W¢ = 0. (9) 
Kelvin's equation (sometimes called the unsteady Bernoulli equation) in the present case obtains 
the form: 
MI 2 de p + ~ + p ~ = pF(t); (10) 
p is the fluid pressure, p is the mass density and F(t) is a scalar function of time (constant in the 
present case). 
According to the small disturbances approach, it is assumed that the fluid velocity vector q 
differs only slightly from the "free-stream" velocity U. So, based on the linearity of equation (9), 
a disturbance velocity potential ¢ '  is defined. The total velocity potential is therefore equal to 
¢ = Ub~ + ¢'. (11) 
The potential difference between a point on the upper surface of the airfoil and a point at the 
same chordwise location on the lower surface, A¢(¢, t), is given by 
A¢(~, t) = b Yb(~', t) d~'. (12) 
- I  
Substitution of equation (6) into equation (12) and use of equation (4b), imply: 
Aq~(v, t) = A¢/gb 
=[2(A +2~)+B + 22](v - n ) -  2(A + 2t) sin v -½(B + 22) sin 2z 
+ ~ 2" [ (n - -~s in (n -2)v - l s innv]  - n (13) 
Clearly Aq~ is a nondimensional potential difference. 
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At this stage it is possible to calculate the pressure difference across the airfoil. F(t) is obtained 
by applying equation (10) for the points ~ = oo. Then, using equation (10) and applying the usual 
assumptions of the small disturbances theory, the following expression for the local pressure is 
obtained: 
p--p® = Ua~b' a~b' (14) 
p b a~ at"  
At this stage the following pressure difference is defined: 
Ap = Pu --PL; (15) 
PU and PL are the pressures at a certain point on the upper and lower surfaces of the airfoil, 
respectively. From equation (14) it is clear that: 
Ap a(A~) b d (Ate) 
pU 2 a~ u at 
l a(A~) b a(Aq~') 
- - -  - -  (16)  
sin v a~ U at 
If LA is the lift per unit length of the wing, then 
LA/ V2 = f'  APld  - j _ ,  [[-p--Uq j = j ,  [-~-U-i.] sin v dr. (17) 
Substitution of equation (13) into equation (16), then substitution of the result into equation (17)  
and integration with respect o v, imply: 
~u(3dA dB 3d2c 1 d22 1 d_23~; 
L=La/ (2npU2b)=- (W+) . , ) -  \ dt +-~+ --~ 2 dt  2 dt ]  (18) 
/[ is the nondimensional lift per unit length. 
3. HARMONIC MOTION AND OPTIMAL CONTROL POINTS 
In the previous section, the lift of an airfoil which is subjected to an arbitrary downwash 
distribution has been derived. As stated earlier, using an exterior/interior field approach, this 
downwash distribution can be associated with various kinds of wake structures. 
In this section the case of harmonic motion of an airfoil will be considered. An approximate 
model based on the present derivations will be compared with the exact solution of Theodorsen 
[2]. Based on this comparison, the optimal ocation of the control points of the approximate model 
will be defined. 
It will be shown in the next section that these optimal points are suitable for both arbitrary 
motion and arbitrary downwash distribution along the airfoil. 
3.1. Harmonic motion---exact model 
For the sake of convenience an harmonic operator H is defined as follows: 
H(a, b) = a cos tot + b sin tot = a cos(kz) + b sin(kz). (19) 
and k are nondimensional time and frequency: 
= Ut/b (20a) 
and 
k = tab /U. (20b) 
As can be seen from equation (20a), one unit of z corresponds to the time that it takes for a particle 
to pass a half chord. 
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Since the motion is harmonic having a frequency co, it is clear that all the variables will exhibit 
harmonic behavior at the same frequency (phase differences are possible of course). Thus, the 
circulation becomes 
= H(F~, rs). (21) 
Based on the conservation of circulation, shed vortices leave the trailing-edge and float 
downstream. As in the classical work of Theodorsen [2], it will be assumed here also that the 
influence of the induced velocities on the wake geometry can be neglected and thus it is assumed 
that the wake lies along the positive ~ axis. At any moment he vorticity per unit length, Yo,, of 
the shed vortices leaving the trailing-edge is given by 
_dr~Us= dr (22) 
~ = 7~/U = dt / dz " 
Therefore, the nondimensional vorticity per unit length at any point along the wake is equal to 
~o,(Y, z) = kFc sin[k (z + 1 -y  - ~)] - kFs cos[k(z + 1 -y  - ~)]. (23) 
As shown in Fig. 2, y is a nondimensional coordinate along the wake which is measured relative 
to the chordwise location ¢. 
An element of wake ~b dy induces a velocity dv normal to the airfoil at the point ~ (in the 
negative z direction). The nondimensional velocity equals 
~(y, z) 
d~ = dv / U = - -  dy. (24) 
2ny 
Substitution of equation (23) into equation (24) and using simple geometric relations imply: 
and 
dg 
-;- = H(v¢, vs), (25a) 
ay 
kro sin[k(y + ~ - 1)] kFs cos[k(y + ~ - 1)] 
q (25b) v~ = 2~z y 2n y 
kFc sin[k(y + ~ - 1)] kFs cos[k(y + ~ - 1)] (25c) vs = 2~ y 2n y 
The nondimensional velocity which is induced at the point ¢ by all the shed elements, g(~), is 
given by 
fo~ cl~ dy. (26) 
g(¢, t) = Jt-¢ dy 
Substitution of equation (25a) into equation (26) and using equations (25b,c) imply: 
g(~, t) = H(V~, Vs), (27a) 
vc = - as (~)Fc - a~ (~)F s (27b) 
and 
v,=ac(~)Fc-as(~)Fs, (27c) 
t%b[. yb 
Fig. 2. The airfoil and wake in a uniform flow. 
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where 
and 
k Ii ~ - cos[k(y + ~ - 1)] dy (28a) 
ac(~) = -- 2--~ ~ y 
k f~  sin[k(y + ~ - 1)] 
a,(~) = - 2"--~ jR-¢ Y 
dy. (28b) 
It turns out that there are analytical solutions for the integrals which are defined by equations 
(28a,b). These solutions are presented in Fig. 3 and an investigation of their behavior is presented 
in Ref. [11]. 
Since in the present case the exterior vortex elements include only the shed vortices behind the 
oscillating airfoil, it is clear that 
o5~(~, t) = t~(~, t). (29) 
3.2. Harmonic motion--approximate model 
Until this stage a continuous exact (within the preliminary assumptions) model of the 
oscillating airfoil has been presented. From this stage on the approximations a sociated with the 
calculation of the induced velocities will be adopted. The velocities which are induced by the 
exterior field are calculated at N discrete points along the chord. The chordwise coordinates of these 
points are ~,  ~2 . . . . .  ~u or vt, v2 . . . . .  vu, according to equation (4b). The induced velocities at 
these points are v~, v~ . . . . .  vu, respectively. The induced velocity at any other point is determined 
using equation (4a), where the coefficients 2 , . . .  AN are calculated using the following collocation 
technique: 
[P] 2. 2 = . (30) 
LLJ 
[P] is a square matrix of order N, defined as 
1 Cosy 2 cos2v2. . .cos(N-1)v2 (31) 
[P ]  = . . : • 
1 cosy N cos2v~. . . cos (N- l )vu  
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It is shown in Ref. [11] that using the above-calculated coefficients, the lift per unit length 
obtained from the approximate model can be expressed in a similar form to the classical 
Theodorsen [2] expressions, namely: 
/_~= 1 dA 
2 dT C(k )W (32a) 
and 
C (k ) = F(k ) + iG (k ), (32b) 
where F and G are functions of the number of control points and their locations. Detailed 
expressions are given in Appendix A. 
If (as is common in many cases) C(k) is represented by its absolute value IC(k)l and 
phase ~b(k) [3], then 
I C(k)l -- JF2(k) + G=(k) 
and 
~b (k) = arctan [ - G (k )/F (k )]. 
(33a) 
(33b) 
3.3. The optimal control points 
3.3.1. A single control point. It is clear that the most crude approximation includes the 
assumption of a uniform induced velocity along the chord (N = 1). The approximation is very 
sensitive to the location of the representative point ~l (where the velocity induced by the wake is 
calculated). In Fig. 4 the absolute value of C(k) and the phase angle q~(k); as a function of k, are 
presented. The results for different values of ~ are shown and compared with the exact values of 
Theodorsen's function. The approximation using a single point is generally poor, yet it is shown 
that in order to obtain a "reasonable" approximation i the interval 0 ~< k < 1, the representative 
point should be located in the region 0.7 < ~ < 0.8. 
3.3.2. Two and three controlpoints. In the case of two control points the induced velocity varies 
linearly along the chord. 
Dealing with two parameters, determination of the best combination of ~ and ~2 becomes 
difficult. In order to cope with this problem the following functional is defined: 
C', dk. (34) 
I c 
iI 0 ~ X t C T  
a¢ 
O 0.5 I.O 
REDUCED FREQUENCY, k 
Fig. 4. Harmonic motion--the behavior of] C (k)l and $ (k) 
as a function of the location of a single representative 
point. 
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Fig. 5. Harmonic motion--the behavior of l C (k) [ and ~ (k) 
for two representative points located at ~ = -0.1375 and 
~2 = 0.9506. 
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E presents the error function between the approximate model and the exact Theodorsen model, in 
the interval 0 ~< k ~< k,,. This functional is a function of ~z and ~2. [C(k, ~,  ~2] and ~(k, ~,, ~2) are 
the approximate values [equation (34)], while [Cr(k)l and ST(k) are the values according to 
Theodorsen [2]. C, and ~, are used for normalizing purposes and are taken equal to approximately 
the maximum absolute values of the appropriate variables ((7, = 1.0, ~, = 15°). 
By applying a nonlinear numerical search procedure [12] (IMSL subroutine ZCXMWD), it is 
possible to find the values of ~ and ~2 that minimize the error E. 
For the interval km= 1 these values are: 
~ = -0.1375; ~2 = 0.9506. (35) 
In Fig. 5, I CI and ~ (as functions of k), which are obtained from the approximate model (where 
the optimal values of ~ and ~2 are used), are compared with Theodorsen's results. It can be seen 
that the deviations are negligible up to a value of k = 1.5. 
In the case where N = 3, the induced velocity along the chord is described by a parabola. 
Defining again an error functional and applying a numerical search procedure, it has been found 
that the optimal points are" 
~ = -0.4254; ~2 = 0.5664; ~3 = 0.9862. (36) 
The values of lC I and q~ for the optimal combination of ~l, ~2 and ~3 are compared in Fig. 6 
with the exact values. It can be concluded that the deviations are negligible up to values of k = 3.5. 
In the region 3.5 < k < 10 the deviations are slightly larger but still practically negligible. 
It may also be mentioned that the problem of an optimal choice of the chordwise location of 
representative points was addressed by Multhopp [13] from a completely different point of view. 
He investigated the static case of a two-dimensional irfoil in a uniform flow and presented the 
cases of a single and two representative points. Because of different considerations he arrived at 
different optimal locations. 
4. APPL ICAT ION TO THE CASE OF AN ARBITRARY 
DOWNWASH DISTRIBUT ION 
Based on the previously calculated optimal points, it is possible to establish a numerical 
procedure in which the lift will be calculated as a function of the time-varying downwash 
distribution. The procedure is based on calculating the coefficients 21 . . . . .  it N and their time 
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derivatives [see equations (10) and (31)] and determination of the lift by equation (18). This 
procedure can be applied to all kinds of wakes geometries and flight conditions which result in 
different kinds of time-dependent downwash distributions over the airfoil. 
The purpose of the present section is to demonstrate he significant advantages of using the 
optimal control points. The demonstration will concentrate on two different cases. In both cases 
the basic state includes an airfoil in a uniform flow. Thus, a flat wake is assumed. In the first case 
the airfoil is performing an arbitrary motion. In the second case it encounters a sinusoidal normal 
downwash. In both cases the results of the approximate model will be compared with results of 
exact models, thus yielding assessment of the accuracy of the proposed model. The discrete model 
of the flat wake which is used in the present calculations i described in Appendix B. It is clear 
that the conclusions will also apply to any other wake model. 
4.1. Arbitrary motion 
The case of a two-dimensional airfoil performing arbitrary motion is used here as a first test case. 
In the present example, the following motion is considered: 
A = -exp[ - /z (z  - %)2]; B = 0. (37) 
This motion is confined to a short period about %. As/~ is increased, the motion duration becomes 
shorter. In the case of an arbitrary motion, an exact solution based on Theodorsen's analysis is 
available [3, 15]. Figure 7 shows the nondimensional circulatory lift (Lc) variation with time that 
was calculated using three optimal points, for the very sharp motion of/~ = 100. As shown, the 
calculated result is in good agreement with the exact values according to Theodorsen [2]. 
4.2. Arbitrary downwash distribution 
This example demonstrates the advantages of using the present model optimal control points, 
compared to models based on the three-quarter chord downwash (like Theodorsen or Wagner 
models). 
In this case the airfoil encounters a sinusoidal gust of wave length 21tb/k. Thus, in addition to 
the wake-induced velocity, the airfoil is subjected to an external normal velocity distribution which 
is given by 
A03~. = 030 exp[ik (T - ~)]. (38) 
The exact value of the circulatory lift in this case is given by 
/~c= ~ 1 dA 
L + ~ ~ = 030 exp(ikOS(k). (39) 
S(k) is known as Sears function [e.g. 7]. Equation (39) indicates that S(k) plays the roll of a lift 
deficiency function where the representative downwash is taken at the mid-chord point. 
In Fig. 8 the values of Sears function which were obtained using 3 optimal control points 
(according to the present model) are compared with other values obtained by 3, 5 and 10 
equally-spaced control points. It should be noted that the exact values of Sears function are 
practically identical to those which were obtained by the present method (in the frequency range 
(0) 
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Fig. 8. Sears function for three optimal points and 3, 5 and 10 equally-spaced control points. 
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presented). As shown, the results of  the equally-spaced control points are converging slowly to the 
exact solution, but even 10 control points still show significant deviations. 
It should be noted that using any single control point procedure which is based on the 
three-quarter chord downwash will lead to large errors in this case. 
5. CONCLUSIONS 
An approximate model for the arbitrary unsteady aerodynamic behavior of  an airfoil in an 
incompressible flow has been derived. The nonpenetration and Kutta conditions are fully 
satisfied. The approximation appears in the chordwise description of  the induced velocity. 
Comparison between closed-form solutions of  airfoils performing harmonic motion and the present 
approximate model leads to the determination of  optimal control points in which the exterior 
downwash distribution has to be evaluated. Using these optimal control points significantly 
improves the efficiency of  numerical schemes, where the interior/exterior fields approach (to the 
solution of  the aerodynamics of  wings in complex flow fields) is applied. The optimal points were 
examined under various conditions where exact solutions exist. Good agreement has been presented 
between the calculated and the exact values. 
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APPENDIX  A 
The Approximate Lift Deficiency Function 
As mentioned in Section 3.2, the detailed erivation of the approximate lift deficiency function (of the present model) 
is presented in Ref. [1 I]. The following equations ummarize the major results: 
F = SIF I + S:F 2 (A.la) 
and 
k 
G = S I G I + S2G 2 - "~, (A.lb) 
where the functions F~, F 2, Gt and G2 are given by 
I k 2 3 
Fi =~n +~(a, +a~), (A.2a) 
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k /  3 2 3 '~ F 2 = "~---~ + a~ + a~}, (A.2b) 
w 
G,=k( ! -a~-a3s)  (A.2c) 
and 
1 k 2 3 
G 2 = ~ + ~ (a c + a~). (A.2d) 
The functions Sj and $2 are given by 
S z = [1/(270 - a~]/D (A.3a) 
S 2 = a JD  (A.3b) 
and 
D = [l/(2n) - a~] 2 + (a~) 2, (A.3c) 
where ace and a~ are 
a~ = a~ + a~/2 (A.4a) 
and 
ace = a~ + a~/2, (A.4b) 
and a~ and a~ are given by the summations 
N 
a~ = ~ Q(i, n)a~(~,) (A.5a) 
n=l  
and 
N 
a~a= ~, Q(i,n)a~(~). (A.5b) 
n=l  
[Q] is the inverse of the matrix [P] defined by equation (31); a¢(~) and as(~) are given by equations (28a,b). 
APPENDIX  B 
Discrete Model of an Airfoil Performing Arbitrary Motion 
Consider an airfoil performing arbitrary small ateral motions in a uniform incompressible f ow. The vorticity in the wake 
at any moment r0 (see Fig. 2) is given by 
d/~ . . . .  - y" ¢.= - -~ (B.l) 
Assuming that there is no vortieity in the wake at the time % = 0, and based on equations (24) and (26), the nondimensional 
induced velocity at the point ~. at any moment %, is given by 
1 / ' ,0+*-¢. 1 d/~l  
rY(¢n' z°) = ~ J,_¢. y dz Iz=,0-y dy. (B.2) 
/~ is given by equations (7a-c). Differentiation of equation (7a) and substitution i to equation (B.2), imply 
/'('0+l-¢')/dA d21 1 dB 1 d22~dy 
= - -+- -  T, 5~/ ; - '  ~ ,~(~=,,o) j,,_~.) ~d, d, +5 + (B3) 
Based on equations (31) the coefficients 2t(z0) are defined below: 
~(Zo) = ~ Q(I, n)~(~,, To) 
I=1  
= l dB l d qdy 
t=, J(,_i.) \aT + az +z  caT +z az.l y " 
(B.4) 
At this stage discretization of the model is performed. The discrete model is shown in Fig. B1. The nondimensional time 
z is divided into equal intervals AT. Thus, z0 is replaced by jar .  The values of the different parameters atjAT are indicated 
by the index j. The wake is presented by a concentrated circulation at the middle of every element Ay. As a result of the 
nondimensionalization it turns out that Ay = AT. 
Fig. BI. The discrete model used for a numerical solution of arbitrary small lateral motion. 
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Equation (B.4) is replaced by the following summation: 
(A~-A~_l)+(21 t -2~i_1)+~(  i -  /-I)"~-2(~'2,i-22,i-I) 
2~.j = - Q (I, n) ' ' (B.5) 
.~t  ,-~ 1 -~.+( / -  1 +~)Ay 
If 2 t j_ t and 22 ,_ t are known, then substitution of I = 1 and I = 2 into equation (B.5) yields two linear equations in At, / 
and ")-2.j. Therefore, for any value of N it is necessary at any time step to solve only two linear equations. 
The nondimensioual circulatory lift per unit length is obtained from equation (18) as 
/~j = - ½ {2Aj  + 2).,.j + Bj  + 22. j + [2(Aj  - A j _ ,  ) + Bj  - B j _ ,  + 3(2t.j - 2,.~_, ) + (22. j - 22j_  , ) - ~(23. j - 23. s _, ) ] /Az }. (B.6) 
23. j is obtained from equation (B.5) after substituting I = 3. 
In the case where N = 2, 23,j in equation (B.6) is taken equal to zero. In the case of one representative point (N = 1), 
instead of solving two equations, one has to solve only one linear equation at every time step. 
It is clear that the method can further be improved (e.g. by changing the time steps Az) if necessary. 
